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What is Reinforcement Learning?

A possible description

Reinforcement learning is learning what to do. [...] The learner is not told which
actions to take [...], but instead must discover which actions yield the most
reward by trying them. (Sutton and Barto, 1998)

borrowed from Science magazine

reinforcement learning is a general framework

to explain animal/human behavior

to determine good strategies
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RL Setup

environment

learner

takes action

returnstate
information

usually

environment not (exactly) known

get return signal (loss/reward) and information about state of environment

overall objective: optimize long-term performance

agent should do well
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A Bit More Formal

environment usually modeled as Markov Decision Process (MDP)

set X of states

set U of actions

transition probability

return signal g

Markov assumption:

p(xk|xk−1,uk−1, . . . ,x0,u0) = p(xk|xk−1,uk−1)

objective

minimize the expected long-term loss

L(x0) = E

[
gterm(xN ) +

N−1∑
k=0

g(xk,uk)

]
for all x0 ∈ X .

functional dependence u = π(x)
find optimal policy π∗

minimal expected long-term loss: value function V ∗N
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Dynamic Programming

from here: planning in known MDPs

solve the optimization problem with dynamic programming

main idea: build solution to subproblem of length k based on solution to
subproblem of length k − 1

show demo

skip demo
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Demo: DP
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Demo: DP
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Demo: DP
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Algorithm: Dynamic Programming

DP algorithm:
V ∗0 (X ) = gterm(X ) . terminal return
for k = 1 to N do . for all subproblems of length k

for all states xi ∈ X do

Qk(xi,U) = g(xi,U) + E
[
V ∗k−1 (x′) |xi,U

]
V ∗k (xi) = min

u∈U
Q
(
xi,u)

π∗k(xi) = arg min
u∈U

Qk(xi,u)

end for
end for
return V ∗N , π∗N (X )

build solution for stage k based on solution of stage k − 1
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Running Example: Underpowered Pendulum Swing Up

comprehensible system with 1 degree of freedom
(Atkeson and Schaal, 1997)

goal:

1 start from downward position [−π, 0]T

2 bring the pendulum to the upright position
[0, 0]T

3 balance it there

constraint: underpowered system, i.e.,
maximum torque is insufficient to bring the
pole to the upright position: u ∈ [−5, 5]Nm
time-discretized system
(sampling every 200 ms)

goal position

x = [ϕ, ϕ̇]T

u
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Optimal Policy with Trajectory (Discretized System)

DP with discretization of state and action spaces (7.5× 107 points)
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Figure: optimal policy, sampling rate 5Hz
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Trajectory (Discretized System)
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Continuous Domains

DP for continuous state and action spaces only analytically tractable in
special cases (e.g., LQR)

spatial discretization curse of dimensionality

value function approximation (NN, RBFs, linear,...)
continuous state spaces

see e.g. (Bertsekas and Tsitsiklis, 1996; Ormoneit and Śen, 2002; 2005;
Riedmiller, 2005)

here: Gaussian process regression (Rasmussen and Williams, 2006)
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Regression Problem

−4 −3 −2 −1 0 1 2 3 4
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inputs X, corresponding noisy observations y = f(X) + ε
infer f (everywhere)

linear regression

NN, RBFs, polynomials, ...

here: Gaussian processes
(nonparametric Bayesian regression method: few underlying assumptions,
data-dependent model)
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Gaussian Process

Definition (Rasmussen and Williams, 2006)

A Gaussian process is a collection of random variables, any finite number of
which have joint Gaussian distributions.

consider a function f as an infinitely long vector [f(x1), f(x2), . . . ]T

GP as distribution over functions (generalization of the Gaussian
distribution)

all required computations are broken down to finite-dimensional problems
manipulate multivariate Gaussians
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Pictorial Bayesian Inference with GPs

1 start with our prior beliefs

2 observe some (noisy) function values yi = f(xi) + ε for some input
locations X = {x1, . . . ,xn} (training set)

3 do Bayesian inference with GPs
4 infer distribution of function values for arbitrary (test) input locations X∗

posterior specified by mean and covariance (conditioned on the training
data)
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Influence of Data

more data more confident predictions

infinite data (noise-free observations): posterior mean equals latent function
(if prior assumptions are not wrong)
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Joint Work

Carl Edward Rasmussen
University of Cambridge

Jan Peters
Max Planck Institute for
Biological Cybernetics
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Structure

π∗

X ,U

π∗(X )

policy learning

approx. DP
(GPDP)

given:

(small) set of states
X = {x1, . . . ,xn} ⊂ Rnx

(small) set of actions
U = {u1, . . . ,um} ⊂ Rnu

1 generalize DP to continuous state spaces
based on evaluations at X ,U

2 generalize state feedbacks to entire state
space
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1.: GPDP

π∗

X ,U

π∗(X )

policy learning

approx. DP
(GPDP)

model value functions by means of GPs
(in any iteration of DP)

generalization to continuous domains

get optimal set of actions π∗(X ) for (finite)
training set X

next step
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Algorithm: GPDP

assume known deterministic system function x′ = f(x,u)

V ∗0 (X ) = gterm(X ) . terminal return

V ∗0 ∼ GPv(mv, kv) . GP models V ∗0

for k = 1 to N do . start recursion
for all states xi ∈ X do

Qk(xi,U) = g(xi,U) + E[V ∗k−1 (x′) |xi,U ]

Qk(xi, · ) ∼ GPq(mq, kq) . GP models Qk

π∗k(xi) = arg min
u∈U

Qk(xi,u) . minimize

V ∗k (xi) = min
u∈U

Qk

(
xi,u)

end for

V ∗k ∼ GPv(mv, kv) . GP models V ∗k

end for
return V ∗N , π∗N (X )
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2.: Learning the Policy

π∗

X ,U

π∗(X )

policy learning

approx. DP
(GPDP)

find optimal actions for any state (not only
for training set X )

use GP to model latent optimal policy π∗
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Learning a Discontinuous Policy

goal position

x = [ϕ, ϕ̇]T

u

in principle: smooth policy

problem: system is underpowered
no direct swing-up, discontinuities

how to treat in principle smooth policies in
underpowered systems (discontinuities)?
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Switching GP Models

π∗(X )

π∗+(X ) π∗−(X )

GP+ GP−
π∗+ π∗−

x∗

π∗(x∗)

switch

classifier

similar to mixture of experts (Jacobs et al., 1991)
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Results: Learned Policy
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Results: Learned Policy (2)
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Results: Trajectories
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Computational Demand

computational complexity
GPDP: O(|X |3 + |U|3|X |)+nonlinear optimization
standard DP: O(|XDP|2 ∗ |UDP|)

pendulum example:
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Sampling Rate

OK, but if we increase sampling frequency

in standard DP we need more discretization points

in GPDP: we don’t care! Problem becomes even easier (nasty discretization
effects vanish)
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Figure: opt. policy, sampling rate: 50 Hz
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Properties of GPDP

approximation to deal with continuous-valued state spaces

GP models provide information about uncertainty of the model

training set for value functions independent of sampling frequency

works well for 2D examples

run into problems for much more data approximations
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Possible Extensions toward “Real” RL

What happens if we have some unknowns?

I noisy immediate returns (already in GPDP, not mentioned)

I unknown transition dynamics model them with a GP (offline)

I active learning for state and action selection (efficient use of data)

I online learning

33
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Wrap-up

I DP suffers from curse of dimensionality

I generalize DP by means of GPs (GPDP) to continuous states and actions

I policy in entire state space through switching GPs

I extensions we were/are/will be working on

34
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