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Problem Statement and Objective

@ find optimal policy that minimizes expected long-term cost
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@ efficient method to solve this optimal control problem:
dynamic programming (DP)

» make DP flexible in continuous-valued state and control spaces
» proper treatment of uncertainties

» global optimal policy (not a single trajectory)



Introduction
Approximate Dynamic Programming

problems with DP:
@ only tractable for finite number of states and controls
@ curse of dimensionality

== function approximators for continuous-valued states
see e.g. (Bertsekas and Tsitsiklis, 1996; Ormoneit and Sen, 2002; Riedmiller,
2005)

limitations of common function approximators:
@ parametric (fix function class before having observed any data)

@ don't model uncertainty

here: use Gaussian process (GP) regression (nonparametric, Bayesian)



Introduction
Regression with Gaussian Processes

example: model a function f : IR — R based on noisy observations f(X) + ¢
measured at a set of support points X’
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Objective and Novel Approach

optimal control

» continuous state and action domains

» model of optimal policy everywhere
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@ generalization to continuous domains
o get optimal set of optimal state-feedback
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Objective and Novel Approach

optimal control

» continuous state and action domains x,.u
» model of optimal policy everywhere
. : . approx. DP
@ Gaussian Process Dynamic Programming pFGPDP)
o iteratively model value functions by
means of GPs (X,U are the support %
points for the GPs) m(X)
y

@ generalization to continuous domains
o get optimal set of optimal state-feedback
T (X)
@ Policy Learning
o find optimal controls for any state based T
on “noisy observations” 7*(X) at X

policy learning




Example System

underpowered pendulum swing-up task

challenges:

goal position

@ nonlinear dynamics and controller

@ continuous states and controls (no spatial
discretization)

@ interested in closed-loop policy everywhere,
not a single trajectory




GPDP
Value Functions

ang.vel. in rad/s
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GPDP
Value Functions

ang.vel. in rad/s

ang.vel. in rad/s

0
angle in rad

0
angle in rad
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optimal value function

DP with discretization of state
and control spaces
(7.5 x 107 states)

mean of value function model
(GPDP):

given random input locations
X, determine model of value
function V' everywhere based on
“observations” V(X)) at X

=) return 7*(X)



GPDP
Learning a Discontinuous Policy

()
(X)) 7 (X) Xl
GPy gpP_ classifier
T l J'Wf

[ select GT model o

T (X+)

o state-feedback 7*(X) is returned by GPDP
@ switch between locally trained policy GPs to model discontinuous policy

@ extend finite set of optimal actions to entire state space
=) ocet model of policy 7*

@ similar to mixture-of-experts setting (Jacobs et al., 1991)



Swing-up Trajectories
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Results
Some Global Results

@ global performance:
NMSE(GPDP,DP) =~ 0.06
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@ complexity

o standard DP: O(|Xpp|? x [U]),
| Xop| & 6,000 (regular grid)

o GPDP: O(|XGPDP‘3 + \L{|3 X |XGPDP
| Xcpor| & 200 (regular grid)
==) independent of time-sampling frequency!

),
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GPDP Extensions

what happens if we have some unknowns?

> perceive noisy immediate costs v’

» unknown transition dynamics (stochastic/deterministic) v/
related to e.g. system identification and robust optimal control

> active learning/optimal design (efficient use of data) v/
related to e.g. exploration-exploitation tradeoff

» online learning (dynamics, value function models) v/
related to e.g. adaptive control and S(P)LAM
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Results
Wrap-up

generalize DP by means of GPs (GPDP) to continuous states and controls
o flexible, nonparametric model
e information about model uncertainty

o required number of support points for value function model independent of
time-sampling frequency

(nonlinear, discontinuous) policy model in entire state space
extensions and possible links to control

http://mlg.eng.cam.ac.uk/marc/
mpd37Q@cam.ac.uk
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Algorithm: Dynamic Programming

Vo' (X) = grerm(X) > terminal return

for k=1to N do > for all subproblems of length &
for all states x; € X do

Qr(x;,U) = g(x;,U) + E [Vk’il (x") |xi,Z/{] > (Q-values
Vi (xs) = min Q3 w)
mr(x;) = arg Hlei{{le(Xi’u)

end for
end for

return V3, 74 (X) > return value function and opt. policy
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Algorithm: GPDP

assume known deterministic system function x’ = f(x,u)

Vi (X) = grerm(X) > terminal return
for k=1to N do > start recursion
for all states x; € X do

Qk(xivu) = g(xi,U) + E[Vk*—l (X/) |Xiau]

mh(x;) = argmin Q(x;, 1) > minimize
ueld

Vi (x;) = LnelzI}Qk (x,u)
end for
end for
return V3, 7 (X)
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Algorithm: GPDP

assume known deterministic system function x’ = f(x,u)

VvO»< (X) = gterm(X)
VO* ~ ng (Tflv, kv)

for k=1to N do
for all states x; € X do

Qk(xivu) = g(xi,U) + E[Vk*—l (X/) |Xiau]

(%) = arg min Qr(x;, 1)

Vi (x;) = Hlelll} Qr(xi,u)

end for

end for
return V3, 7 (X)

> terminal return
> GP models V{f

> start recursion

> minimize
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Algorithm: GPDP

assume known deterministic system function x’ = f(x,u)

Vo (X) = Gterm(X) > terminal return
Vi~ GPy(my, ky)

> GP models V{f

for k=1to N do > start recursion
for all states x; € X do

Qr(xi,U) = g(xi,U) +my(X')

Qr(xi, -) ~ GPg(myg, kq) > GP models Qj,

i (x;) =arg min  my(u)

> minimize
ucR"u

ViE(x;) = nﬁn mg(u)
end for

end for
return V3, 7 (X)
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Algorithm: GPDP

assume known deterministic system function x’ = f(x,u)

Vo (X) = Gterm(X) > terminal return
~ GPy(my, ky) > GP models V
for k=1to N do > start recursion

for all states x; € X do

Qk (Xiv ) - g(xl,U) + my (XI)

Qr(xi, -) ~ GPg(myg, kq) > GP models Qj,
i (x;) = arg urerlIP{EU mg(a) > minimize
ViE(x;) = nﬁg mg(u)
end for
Vi~ GPy(my, ky) > GP models V;*
end for

return V3, 7 (X)
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Higher Spatial Resolution for Higher Sampling Rate

A

A, < AO  OA, < AD / A
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Computational Requirements

e GPDP: O(1x > + [U)?| X))
e standard DP: O(|App|? x [Upe|)

Table: Computational demands and performances of GPDP and classical DP

GPDP| |X]| Ocrop cost ||DP| |Xpp] Opp™ cost
578 | 2.0 x 108 | 9.23 6.2 x 10° | 9.8 x 1012 | 9.02
488 | 1.2 x 108 | 9.24 3.1 x10% | 1.3 x 102 | 9.05
400* | 7.0 x 107 | 9.55* 2.3 x10° | 6.1 x 10'* | 9.05
398 | 6.9 x 107 | 9.29 6.4 x10% | 1.0 x 107 | 9.34
200 | 1.1 x 107 | 9.48 1.5 x10% | 6.1 x 107 | 11.13

*. random initialization of support points for value function/policy instead of
regular grid
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