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Personal Healthcare Revolution

Electronic health records (CFH)

Personal genomics
(DeCodeNavigenics23andMe)

X-prize: first $10k human genome technology
NIH: $1k by 2014

Microsoft Research Cambridge
PhD Scholarships
Internships: 3nonths
PostdoctoralFellowships




Why Probabillities?

Image vectorx
[ T lca a




Decisions

Onestep solution
train a function to decide the class

Two-step solution
Inference: infer posterior probabilities

p(Cr|x)

decision use probabilities to decide the class




Minimum Misclassification Rate

4

p(x,C1) > p(x,C2)

p(C1[x) > p(Ca|x)

p(mistake) = p(x € R1,C2) + p(x € Re,Cy)

= p(X:CQ)dX+/ p(x,Cq) dx.
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Why Separate Inference and Decision’

A Minimizing risk (loss matrix may change over time)
A Reject option

A Unbalanced class priors

A Combining models




Loss Matrix

Decision

cancer normal

cancer ( 0 1000 )

True class normal | 0




Minimum EXxpected LoSS
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Reject Option
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Unbalanced class priors

In screening application, cancer Is very rare
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Combining models

Image data and blood tests
Assume independent for each class:

p(xr,xB|Ck) x p(x1|Ck)p(xB|Ck)




Binary Variables (1)

Coin flipping: heads=1, tails=0

plz=1lp) = p e [0,1]
plz=0Jp) = 1—p

Bernoulli Distribution

1—=x

Bern(z|p) = p*(1 — )




Expectation and Variance

In general

Elf] =Y p@)f@)  E[f :fp(x)f(a:) dz

varlf] = E |(f(«) ~ E[f (@)))*| = E[f(2)*] - E[f (@)}

For Bernoulli

Bern(z|u)
Elz]

var|z]

| I
=




Likelihood function

Data set
D ={x,..., zn}, m heads (z = 1), N —m tails (x = 0)

Likelihood function

p(Dlp) = ][ plzaln)




Prior Distribution

Simplification if prior has same functional form
as likelihood function

p(p) o< p 11— p)*!

Calledconjugate prior

Beta(ula,b) = 552{&2 P - )
Blu = a j— b
var[u] = ab

(a+b)?(a+b+1)




Beta Distribution
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Posterior Distribution

p(plag, bo, D) o< p(Dlu)p(plao, bo)
N
X (H p (1 — u)l‘m”) Beta(p|ao, bo)

n=1

x um—i—ag—l(l . u)(N—m)+bo—1

p(plao, bo, D) = Beta(ulan, bn)

aN = ap +m by =bo+ (N —m)




Posterior Distribution

likelihood function

prior posterior
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Properties of the Posterior

As the sizéN of the data set increases

an — M

bN — N —m

anN m
E — ;
1] e N
b
var(p| = NON > 0

(O,N —+ bN)Q(CLN + by + 1)




Predictive Distribution

What is the probability that the next coin flip
will be heads?

1
p(.’fﬂ' — ]-‘a'Oa bOaD) — / p(ﬂ'} — 1‘#)?(”@0; bO',aD) dJu’
0

1
_ / up(plao, bo, D) dy
0

— ]E[u|a0::bf}vp}
an
an + by




The Exponential Family

p(xn) = h(x)g(n) exp {n" u(x)}

where” is thenatural parameter
g(n)/h(X) exp {n"u(x)} dx =1

We can interpreg(” ) as the normalization
coefficient




Likelihood Function

Give a data se = {x;,...,xy}

p(X|n) = (H h(xy, ) N exp {nT i U—(Xn)}

n=1

Depends on data througsufficient statistics

Z u(xy,)




Expected Sufficient Statistics

g(n)/h(X) exp {n"u(x)} dx =1

Va(n) / h(x) exp {nTu(x)} dx + g(n) / h(x) exp {nTu(x)} u(x) dx = 0

\ ] | )
| |

1/9(n) Elu(x),




Conjugate priors

For the exponential family

p(nlx,v) = f(x,v)g(n)” exp {vn" x}

Combining with the likelihood function, we get

p(n|X, x;v) o< g(n)" " exp {nT (Z u(xy,) + vx) }

Prior corresponds t& pseudoeobservations with statistié




Bernoulli revisited

The Bernoulli distribution

1—=x

p(z|p) = Bern(z|u) = p*(1 - p)
= exp{rlnpy+ (1 —2)In(l —pu)}

_ (1—u)eXP{ln<1fu)x}

Comparing with the general form we see that

1
1+ exp(—n)

L J
1

Logistic sigmoid

nzln(lfp) and so u=oa(n)




Bernoulli revisited

The Bernoulli distribution in canonical form

p(zln) = h(x)g(n)exp {n u(z)}
where
u(z) = =
hiz) = 1

gn) = 1—o(n)=0c(-n)




The Gaussian Distribution

1
) = ]

N(z|p,o?)

20




Likelihood Function

p(X|M,O‘2) — HN(SER“L?O-Q)

n=1




Bayesian Inference unknown mean

Assume¥z is known
Data set

X =4{21,..., TN}

Likelihood function fot

N

p(xlp) = || p(znln) = (QW;Z)N/Q exp {—2; Y (@n— u)z} :




Bayesian Inference unknown mean

Conjugate prior is a Gaussian

p(p) = N (plo, o5)
which gives a Gaussian posterior

p(p]x) o< p(x|p)p(pe)







Bayesian Inference unknown precision

Now assumeé is known
Likelihood function for precision = 1/ %4

N
A
p(x|\) = HN T |1ty A l)oc)\N/QeXp{—§ Z(xn—p)g}
n=1

n=1




Conjugate prior

Gamma distribution

_ 1 aya—1 .
Gam(A|a,b) = F(a)b A4 exp(—bA)
a a
E[A] — g Var[)\] — b—2




Unknown Mean and Precision

Likelihood function

N

st 1(3) ool )

n=1
N N N
x [AY2exp A exp )\uZa:n—éZ:UQ :
2 n=1 2 n=1 "

Gaussiargamma distribution

P, A) = p(u[A)p(X) = N (| o, (BN) ™) Gam(N[a, b)

X exp {—%(u - uo)g} X" exp {—bA}




Gaussiargamma Distribution
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Linear Regression (1)

Noisy sinusoidal data




Linear Regression (2)

Linear combination of basis functions

y(x,w) = Z w;d;(x) = wlp(x)

Noise model
p(tlz, w,8) =N (ty(z,w), 57"
Likelihood function

N

p(t|x,w, () = H p(tp|zn, w, 371

n=1




Linear Regression (3)

Polynomial basis functions




Linear Regression (4)

Define a conjugate prior ovev
p(w) = N(w[0,a™'T)

Combining with likelihood function gives the posterior

p(w[t) = N(w|mpy, Sy)
where
Sy ® Tt
ol + 31 ®.

Sy

Dy = ¢j(an)




Simple Example (1)

Data from straight line with Gaussian noise

t = a+bxr+e
e ~ N(-0,1)

First order polynomial model

y(x,w) = wo+ wrx




Simple Example (2)

O data points observed

Prior Data Space




Simple Example (3)

1 data point observed

Likelihood Posterior Data Space




Simple Example (4)

2 data points observed

Likelihood Posterior Data Space




Simple Example (5)

20 data points observed

Likelihood Posterior Data Space




Predictive Distribution (1)

Predictt for new values ok by integrating ovew:

p({t, 0, 5,7) — / p(@lw, 8, B)p(wlt, a, B) dw
= N (tlmNo(Z), 0% (%))

where

0% () = % 1 $(2)"Sn (@)




Predictive Distribution (3)

Example: Sinusoidal data, 9 Gaussian basis functions
1 data point

Bl

(0]




Predictive Distribution (4)

Example: Sinusoidal data, 9 Gaussian basis functions
2 data points




