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Aim:

Some thoughts on why theory
Basic Techniques with some deference to history

Insights into proof techniques and statistical
learning approaches

Concentration inequalities and relation to Rademacher
approach



What won’t be included:

The most general results
Complete History
Analysis of Bayesian inference

Most recent developments, eg PAC-Bayes, local
Rademacher complexity, etc.
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Theories of learning

e Basic approach of SLT is to view learning from a
statistical viewpoint.

e Aim of any theory is to model real/ artificial
phenomena so that we can better understand/
predict/ exploit them.

e SLT is just one approach to understanding/
predicting/ exploiting learning systems, others
include Bayesian inference, inductive inference,
statistical physics, traditional statistical analysis.



Theories of learning cont.

e Each theory makes assumptions about the
phenomenon of learning and based on these
derives predictions of behaviour

— every predictive theory automatically implies a
possible algorithm

— simply optimise the quantities that improve the
predictions

e Each theory has strengths and weaknesses

— generally speaking more assumptions, potentially
more accurate predictions

— BUT depends on capturing the right aspects of
the phenomenon



General statistical considerations

e Statistical models (not including Bayesian) begin
with an assumption that the data is generated
by an underlying distribution P typically not given
explicitly to the learner.

e If we are trying to classify cancerous tissue from
healthy tissue, there are two distributions, one for
cancerous cells and one for healthy ones.



General statistical considerations cont.

e Usually the distribution subsumes the processes
of the natural/artificial world that we are studying.

e Rather than accessing the distribution directly,
statistical learning typically assumes that we are
given a ‘training sample’ or ‘training set’

S = {(Xl,yl), ceey (Xma ym)}

generated identically and independently (i.i.d.)
according to the distribution P.



Generalisation of a learner

e Assume that we have a learning algorithm A that
chooses a function A4(S) from a function space
F in response to the training set S.

e From a statistical point of view the quantity of
interest is the random variable:

6(‘97‘A7 97) — E(X,y) [E(A?(S)v X, y)] )

where 7 is a ‘loss’ function that measures the
discrepancy between A4(.5)(x) and y.



Generalisation of a learner

e For example, in the case of classification 7 is 1
If the two disagree and 0 otherwise, while for
regression it could be the square of the difference
between A4(S)(x) and y.

e We refer to the random variable ¢(5, A, F) as the
generalisation of the learner.

e Note is random because of the dependence on
the training set S.
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Example of Generalisation |

e We consider the Breast Cancer dataset from the
UCI repository.

e Use the simple Parzen window classifier: weight
vector is

wh—w"

where w is the average of the positive training
examples and w™ is average of negative training
examples. Threshold is set so hyperplane
bisects the line joining these two points.
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Example of Generalisation Il

e Given a size m of the training set, by repeatedly
drawing random training sets S we estimate the
distribution of

6(‘97 A? 95) — E(X,y) w(‘A?(S)? X, y)] )

by using the test set error as a proxy for the true
generalisation.

e We plot the histogram and the average of the
distribution for various sizes of training set —
initially the whole dataset gives a single value if
we use training and test as the all the examples,
but then we plot for training set sizes:

342,273,205, 137,68, 34, 27, 20, 14, 7.
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Example of Generalisation lll

e Since the expected classifier is in all cases the
same:

E[As(S)] = Eg|wg—wg]
— Eg

1

wg| —Es [wg]

= By [x] — Eyey %]
we do not expect large differences in the average
of the distribution, though the non-linearity of

the loss function means they won'’t be the same
exactly.
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Error distribution: full dataset
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Error distribution: dataset size: 342

30

25

20

15

10

Machine Learning Summer School (MLSS’09) Tutorial, Sept 2009

15



Error distribution: dataset size: 273
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Error distribution: dataset size: 205
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Error distribution: dataset size: 137
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Error distribution: dataset size: 68
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Error distribution: dataset size: 34
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Error distribution: dataset size: 27
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Error distribution: dataset size: 20
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Error distribution: dataset size: 14
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Error distribution: dataset size: 7
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Bayes risk and consistency
e Traditional statistics has concentrated on analysing

Egs[e(S, A, F)] .

e For example consistency of a classification
algorithm A and function class 3 means

lim ES [E(S,.A, 95)] — fBaye&

m— 00
where

1 ifP(x,1) > P(x,0),
0 otherwise.

Frages(x) = {

Is the function with the lowest possible risk, often
referred to as the Bayes risk.
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Expected versus confident bounds

e For a finite sample the generalisation ¢(5, A, F)
has a distribution depending on the algorithm,
function class and sample size m.

e Traditional statistics as indicated above has
concentrated on the mean of this distribution —
but this quantity can be misleading, eg for low
fold cross-validation.
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Expected versus confident bounds
cont.

e Statistical learning theory has preferred to
analyse the tail of the distribution, finding a bound
which holds with high probability.

e This looks like a statistical test — significant at a
1% confidence means that the chances of the
conclusion not being true are less than 1% over
random samples of that size.

e This is also the source of the acronym PAC:
probably approximately correct, the ‘confidence’
parameter ¢ is the probability that we have been
misled by the training set.
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Probability of being misled in

classification

e Aim to cover a number of key techniques of
SLT. Basic approach is usually to bound the
probability of being misled and set this equal to
J.

e What is the chance of being misled by a single
bad function f, i.e. training error errg(f) = 0,
while true error is bad err(f) > €?

(1 —err(f))™

Pg{errs(f) = 0,err(f) > €}

< (1-¢"
< exp(—em).
so that choosing ¢ = 1In(1/t)/m ensures

probability less than .
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Finite or Countable function classes
If we now consider a function class

F={f1,fo,- s fn,---}

and make the probability of being misled by f,, less
than ¢,,0 with

o

d a1,

n=1
then the probability of being misled by one of the
functions is bounded by

1

Pg {an:errs(fn) = 0,err(f,) > Eln (qn%)} < 4.

This uses the so-called union bound - the
probability of the union of a set of events is at most
the sum of the individual probabilities.
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Finite or Countable function classes
result

e The bound translates into a theorem: given F
and ¢, with probability at least 1 — § over random
m samples the generalisation error of a function
fn € F with zero training error is bounded by

err(fu) < (m (5) i G))
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Some comments on the result

e We can think of the term In (qin) as the
complexity / description length of the function f,,.

e Note that we must put a prior weight on the
functions. If the functions are drawn at random
according to a distribution p,, the expected
generalisation will be minimal if we choose our

prior ¢ = p.

e This is the starting point of the PAC-Bayes
analysis.
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What if uncountably many functions?

e We need a way to convert an infinite set to a finite
one.

e Key idea is to replace measuring performance on
a random test point with measuring on a second
‘ghost’ sample

e In this way the analysis is reduced to a finite
set of examples and hence a finite set of
classification functions.

e This step is often referred to as the ‘double
sample trick’
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Double sample trick
The result has the following form:

P™{X e X™:dh € H :errx(h) = 0,err(h) > €}
<2P*"™{XY € X" :3h € H :
errx(h) = 0,erry(h) > €/2}

If we think of the first probability as being over XY
the result concerns three events:

— {errx(h) — O}
{err(h) > €}
= {erry(h) > ¢/2}

QT =
== =
I
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Double sample trick Il

It is clear that

P*(C(h)|A(h)&B(h)) = P*™(C(h)|B(h))
> 0.5

for reasonable m by a binomial tail bound.
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Double sample trick Il

Hence, we have

PP™{XY € X*™ . 3he H: A(h)&C(

PP™IXY ¢ X*™ : 3hec H:Ah)&B(h)&C(h)} =

P™XY € X*™ . Jhe H: Ah&B(h)}
P(C(h)|A(h)&B(h))

It follows that

P™{XcX™ : JdncH:Ah&B(h)} <
2P*™ XY € X*™:3h € H: A(h)&C(h)}

the required result.
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How many functions on a finite
sample?

e Let H be asetof {—1,1} valued functions.

e The growth function By(m) is the maximum
cardinality of the set of functions H when
restricted to m points — note that this cannot be
larger than 2™, i.e. logy(Bg(m)) < m

e For the statistics to work we want the number of
functions to be much smaller than this as we will
perform a union bound over this number.
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Examining the growth function

Consider a plot of the ratio of the growth function
B (m) to 2™ for linear functions in a 20 dimensional
space:

! ! I I I
o 10 20 70 80 90 100
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Vapnik Chervonenkis dimension

e The Vapnik-Chervonenkis dimension is the point
at which the ratio stops being equal to 1:

VCdim(H) = max{m : forsome xi,...,Xy,,
forallb e {—1,1}"™,
dhy € H, hb(Xi) — bz}

e For linear functions £ in R”, VCdim(L) = n + 1.
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Sauer’s Lemma

e Sauer’s Lemma (also due to VC and Shelah):

d
m em @
Bg(m) <i§;(i) < <7> 7
where m > d = VCdim(H).

e This is surprising as the rate of growth of By (m)
up to m = d is exponential — but thereafter it is
polynomial with exponent d.

e Furthermore, there is no assumption made about

the functions being linear — this is a completely
general result.
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Basic Theorem of SLT

We want to bound the probability that the training
examples can mislead us about one of the functions
we are considering using:

P™{X e X"™:dh € H : ,err(h) > e}
— double sample trick —
< 2P*™{XY € X*™:3hec H :
,erry(h) > ¢€/2}
— union bound —
< 2By (2m)P*™{XY ¢ X°™ :
,erry(h) > ¢€/2}

Final ingredient is known as symmetrisation.
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Symmetrisation

e Consider generating a 2m sample S. Since
the points are generated independently the
probability of generating the same set of points
in a different order is the same.

e Consider a fixed set X of permutations and each
time we generate a sample we randomly permute
it with a uniformly chosen element of > — gives
probability distribution P2™

41



Symmetrisation cont.

e Any event has equal probability under P?>™ and
PZ™ | so that

P*M(A) = PE"(A) = E*" [Prox(A)]

e Consider particular choice of X the permutations
that swap/leave unchanged corresponding elements
of the two samples X and Y — 2™ such
permutations.

42



Completion of the proof

P?™{XY € X?™: errx(h) = 0,erry(h) > €/2}
< E*" [P, s{errx(h) = 0,erry(h) > €/2 for o(XY)}]
< E2m [Q—Gm/2:|

_ 2—em/2

e Setting the right hand side equal to /(2B (2m))
and inverting gives the bound on e.
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Final result

e Assembling the ingredients gives the result: with
probability at least 1—¢ of random m samples the
generalisation error of a function h € H chosen
from a class H with VC dimension d with zero
training error is bounded by

2 2 2
e=¢e(m,H, ) =— (dlog% +log5)
m

e Note that we can think of d as the complexity /
capacity of the function class H.

e The bound does not distinguish between
functions in H.
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Lower bounds

e VCdim Characterises Learnability in PAC setting:
there exist distributions such that with probability
at least 6 over m random examples, the error of
h is at least

. d—1 11 1
m A — 1.
= 32m’mog )

45



Non-zero training error

e \ery similar results can be obtained for non-zero
training error.

e The main difference is the introduction of a
square root to give a bound of the form

26m 1 2
(mHk5)—k+O<\/log ¥ mlog5>

for k training errors, which is significantly worse
than in the zero training error case.

e PAC-Bayes bounds now interpolate between
these two.
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Structural Risk Minimisation

e The way to differentiate between functions using
the VC result is to create a hierarchy of classes:

HCHyC---CHy;C---C Hg.
of increasing complexity/VC dimension.

e Can now find the function in each class with
minimum empirical error k; and choose between
the classes by minimising over the choice of d:

2
e(m,d, o) kd—|—0( —logﬁ—k\/glog 5 )

which bounds the generalisation by a further
application of the union bound over the K
classes.
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Criticisms of PAC Theory

The theory is certainly valid and the lower
bounds indicate that it is not too far out — so can’t
criticise as stands

Criticism is that it doesn’t accord with experience
of those applying learning.

Mismatch between theory and practice.

For example
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Support Vector Machines (SVM)

One example of PAC failure is in analysing SVMs:
linear functions in very high dimensional feature

spaces.

1. kernel trick means we can work in an infinite
dimensional feature space (= infinite VC
dimension) so that VC result does not apply:

2. and YET very impressive performance

49



Support Vector Machines cont.

e SVM seeks linear function in a feature space
defined implicitly via a kernel «:

k(x,2) = (9(x), ¢(2))

e For example the 1-norm SVM seeks w to solve

ming .y IW]*+C 30 &

subjectto  y; ((w,é (x;)) +b) >1—&;, & >0,
1=1,...,m.

50



Margin in SVMs

e Intuition behind SVMs is that maximising the
margin makes it possible to obtain good
generalisation despite the high VC dimension

e The lower bound implies that we must be taking
advantage of a benign distribution, since we
know that in the worst case generalisation will be
bad.

e Structural Risk Minimisation cannot be applied to
a hierarchy determined by the margin of different
classifiers, since the margin is not known until we
see the data, while the SRM hierarchy must be
chosen in advance.
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Margin in SVMs cont

e Hence, we require a theory that can give bounds
that are sensitive to serendipitous distributions —
in particular we conjecture that the margin is an
indication of such ‘luckiness’.

e The proof approach will rely on using real-
valued function classes. The margin gives an
indication of the accuracy with which we need
to approximate the functions when applying the
statistics.
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Covering Numbers

F a class of real functions defined on X and || - ||z a
norm on J, then

N F - la)

Is the smallest size set U, such that
forany f € Fthereisaw € U, suchthat || f — ul|; <

Y.
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Covering Numbers cont.

For generalization bounds we need the ~-growth
function,

N™(v,F) :== sup N(v,5F,%).

XeXxm
where /%X gives the distance between two functions

as the maximum difference between their outputs
on the sample.
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Covering numbers for linear functions

e Consider the set of functions:

e This is an explicit cover that approximates the
output of any norm 1 linear function on the
sample

{x1,...,Xm}

to within /2 on the sample.
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Covering numbers for linear functions

e We convert the /2 approximation on the sample
problem into a classification problem, which is
solvable with a margin of /2.

o It follows that if we use the perceptron algorithm
to find a classifier, we will find a function
satisfying the ~/2 approximation with just 8 R /~>
updates.

e This gives a sparse dual representation of the
function. The covering is chosen as the set of
functions with small sparse dual representations.

e Gives a bound on the size of the cover

2 —1 2
e(2m+ k ),wherek:ﬁ.
k ~2

logy N*™(7/2,F) < klog,
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Second statistical result

e We want to bound the probability that the training
examples can mislead us about one of the
functions with margin bigger than fixed ~:

P™{X e X™:df e F:errx(f) =0,mx(f) = ~,errp(f) > €}
< 2P?™{XY € X*™:3f € F such that

errx(f) = 0.mx(f) = v,erry(f) > €/2}
< AN (y/2, F)P*™{XY € X*™ : for fixed f’

mx(f') > /2, my(emy2)(f) < v/2}
< INZ™M ()2, F)27 M2 < §
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Second statistical result cont.

e Inverting gives

2 2
€ = €<m7 9:7 57 7) — E (IOgQ N2m<’}//27 35) + 10g2 g)

i.e. with probability 1 —  over m random
examples a margin v hypothesis has error less
than ¢. Must apply for finite set of v (‘do SRM
over v’).
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Bounding the covering numbers

Have the following correspondences with the
standard VC case (easy slogans):

Growth function — ~-growth function
Vapnik Chervonenkis dim — Fat shattering dim
Sauer's Lemma — Alon efal.
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Generalization of SVMs

e Since SVMs are linear functions, can apply linear
function bound.

e Hence for distribution with support in ball of
radius R, (eg Gaussian Kernels R = 1) and
margin ~, have bound:

+ logy, —

2 e2m+k—1) m
E(maﬁ’)éav) :E(klogQ L 5)

where
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Error distribution: dataset size: 205
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Error distribution: dataset size: 137
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Error distribution: dataset size: 68
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Error distribution: dataset size: 34
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Error distribution: dataset size: 27
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Error distribution: dataset size: 20
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Error distribution: dataset size: 14
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Error distribution: dataset size: 7
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Using a kernel

e Can consider much higher dimensional spaces
using the kernel trick

e Can even work in infinite dimensional spaces, eg
using the Gaussian kernel:

£(x,2) = exp (_HX— ZH2>

202
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Error distribution: dataset size: 342
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Error distribution: dataset size: 273
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Conclusions

Outline of philosophy and approach of SLT

Central result of SLT

Touched on covering number bounds for margin

based analysis

Application to analyse SVM learning
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Concentration inequalities

e Statistical Learning is concerned with the
reliability or stability of inferences made from a
random sample.

e Random variables with this property have been
a subject of ongoing interest to probabilists and
statisticians.
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Concentration inequalities cont.

e As an example consider the mean of a sample of

m 1-dimensional random variables X, ..., X,,:
SR
m T m — 1

e Hoeffding’s inequality states that if X; € |a;, b;]

P{|Sm = ElSm]| > €} < 2exp (—zé?;i >>

Note how the probability falls off exponentially
with the distance from the mean and with the
number of variables.
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Concentration for SLT

e We are now going to look at deriving SLT results
from concentration inequalities.

e Perhaps the best known form is due to
McDiarmid (although he was actually re-
presenting previously derived results):
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McDiarmid’s inequality

Theorem 1. Let X, ..., X,, be independent random
variables taking values in a set A, and assume that
f: A™ — R satisfies

sup f(x1,.. . xn) — flT1, .., T4, Tig1, - - Tn)| < ¢,
:Ul,...,ajn,C;ZiEA

for1 <i¢<n. Then for all e > 0,

PS (X1 Xo) = Bf (i Xo) 2 6} S0 (s
1=1 "1

e Hoeffding is a special case when f(x1,...,x,) =
Sn
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Using McDiarmid

e By setting the right hand side equal to §, we can
always invert McDiarmid to get a high confidence
bound: with probability at least 1 — ¢

vl 1
f(Xl,...,Xn) <Ef(X177Xn)+\/%logg
e If ¢; = ¢/n for each i this reduces to

2 1
f(lean><Ef<X1,,Xn)+ g—nlogg
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Rademacher complexity

e Rademacher complexity is a new way of
measuring the complexity of a function class. It
arises naturally if we rerun the proof using the
double sample trick and symmetrisation but look
at what is actually needed to continue the proof:
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Rademacher proof beginnings
For a fixed f € F we have

E(f(2)] < E|f(2)] + sup (B[] - E[n]).

where F is a class of functions mapping from Z to
0, 1] and [E denotes the sample average.

We must bound the size of the second term. First
apply McDiarmid’s inequality to obtain (¢; = 1/m for
all 7) with probability at least 1 — ¢:

In(1/9)

2m

sup (E[h] — I@[h]) < Eg [ffé? (E[h] _ E[h])] +
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Deriving double sample result

e We can now move to the ghost sample by simply
observing that E[h] = E [E[h]] :

Es [Sllp (]E[h] — E[M)] =

hed

Ks |suplEg

hed
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Deriving double sample result cont.

Since the sup of an expectation is less than or
equal to the expectation of the sup (we can make
the choice to optimise for each S) we have

Es [ilelg (]E[h] _ E[h])] <

m

Z (h(z;) — h(z))

1=1

EslEs [sup

1
heF M
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Adding symmetrisation

Here symmetrisation is again just swapping
corresponding elements — but we can write this as
multiplication by a variable o; which takes values +1
with equal probability:

Es [ffé? (E[h] - E[h])] <

< E,g [sup— Oi(h(ii)h(ZO)I
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Rademacher complexity
where

23 nsta)] |

is known as the Rademacher complexity of the
function class &.

e Rademacher complexity is the expected value of
the maximal correlation with random noise — a
very natural measure of capacity.

e Note that the Rademacher complexity is distribution
dependent since it involves an expectation over
the choice of sample — this might seem hard to

compute.
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Main Rademacher theorem

Putting the pieces together gives the main theorem
of Rademacher complexity: with probability at least
1 — 0 over random samples S of size m, every f € F

satisfies
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Empirical Rademacher theorem

e Since the empirical Rademacher complexity

Z,. ]

IS concentrated, we can make a further
application of McDiarmid to obtain with probability
atleast1 — ¢

za@f

En [f(2)] < E[f(@)] + Bun(F) + 3¢/ 2L,

2m
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Relation to VC theorem

e For H a class of +1 valued functions with VC
dimension d, we can upper bound R,,(H) using
Hoeffding’s inequality to upper bound

2
P > € < 2exp (—2—)
. m

Z i f(x;)

1=1
for a fixed function f, since the expected value
of the sum is 0, and the maximum change by
replacing a o; Is 2.

88



Relation to VC theorem cont.

By Sauer's lemma there are at most (em/d)?
we can bound the probability that the sum is
bounded by ¢ for all functions by

2

(%)dZexp (—;—m> =: 0.

Taking 6 = m~! and solving for ¢ gives

€= \/de In % + 2mIn(2m)
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Rademacher bound for VC class

e Hence we can bound

R,(H) <

(6m +€(1 —9))

N \/S(dln(em/d) + In(2m))

m

2
m
2
m

e This is equivalent to the PAC bound with non-
zero loss, except that we could have used the
growth function or VC dimension measured on
the sample rather than the sup over the whole
input space.
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Application to large margin
classification

e Rademacher complexity comes into its own for
Boosting and SVMs.
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Application to Boosting

We can view Boosting as seeking a function from
the class (H is the set of weak learners)

{Z aph(x) : Z ap < B} = convg(H)

by minimising some function of the margin
distribution.

Adaboost corresponds to optimising an exponential
function of the margin over this set of functions.

We will see how to include the margin in the

analysis later, but concentrate on computing the
Rademacher complexity for now.
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Rademacher complexity of convex
hulls

Rademacher complexity has a very nice property
for convex hull classes:

. 2 ikl
Ry (convg(H)) = —E, sup > 00y ajhi(x
J

M| heH Y asB iy

|\

|
=
q

Ti sup Z a;

hjeH,zjang

Zaz

i oih;(x
i=1

|

VA

|
=
q

sup B
m | hj€H

BR,,(H).

INA
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Rademacher complexity of convex
hulls cont.

e Hence, we can move to the convex hull without
incurring any complexity penalty for B = 1!
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Rademacher complexity for SVMs

e The Rademacher complexity of a class of linear
functions with bounded 2-norm:

{X — Zam(xi,x):a’Ka < BZ} C
i=1

C{x—= (w,¢(x)):[w| < B}

where we assume a kernel defined feature
space with
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Rademacher complexity of 3

VAN

2B

S— EO‘
m

g 0,0 ;K(X;,X;)

1,]1

. 1/27
(%), Zgj¢(xj)>
j=1
1/2 i
2B | —
= — K(X;, X;)
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Applying to 1-norm SVMs
We take the following formulation of the 1-norm
SVM:

minw,b,fy,i - + Czyil fz
subjectto  y; ((w, @ (x;)) +b) > v —&,& >0,
i=1,...,m,and ||w|* = 1.

(1)
Note that

&= (v — yig(Xi))+ 7
where g(-) = (w, ¢(+)) + b.

e The first step is to introduce a loss function which
upper bounds the discrete loss

P(y # sgn(g(x))) = E [H(—yg(x))],

where H is the Heaviside function.
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Applying the Rademacher theorem
e Consider the loss function A : R — [0, 1], given
by

1, if a > 0;
Ala) =< 1+a/y, if—y<a<0;
0, otherwise.

e By the Rademacher Theorem and since the loss
function A — 1 dominates JH — 1, we have that

E [H(—yg(x)) — 1]

A IA
=
= 2
|
o
==
IS
|
= =
_I_
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Empirical loss and slack variables

e But the function A(—y,g9(x;)) < & /v, for i =
1,...,¢,and so

e The final missing ingredient to complete the
bound is to bound R,,((A —1) o F) in terms of
R (F).

e This will require a more detailed look at
Rademacher complexity.
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Rademacher complexity bounds
e First simple observation:
fora € R, R,(aF) = |a|Rm(F),

since af is the function achieving the sup for
some o for aF iff f achieves the sup for F.

e We are interested in bounding RC R,,(L o
F) <2LR,,(F)forclass LoF ={Lof: fecTF}
where L satisfies, £(0) = 0 and

[L(a) = L(b)] < Lla —b],

l.e. L is a Lipschitz function with constant L > 0.
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Rademacher complexity bounds cont.
e Inourcase L =A—1and L =1/7.

e By above it is sufficient to prove for case L = 1
only, since then

Ry (L 0F) = LRy((L/L) 0 F) < 2LR,(F)
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Proof for contraction (L = 1)

Want to get rid of absolute value in RC:

Zazf

so consider defining

LT=L, L (a)=—L(—a).
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Proof for contraction (L = 1)

Assume ¥ is closed under negation. Now if for
some o sup achieved with f such that

Z%L (f (zi)) <0,

then
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Contraction proof cont.
e and so

A

Rn(LoF) =E,

sip =Y N (f (zz-))]

e if we further assume 0 € F we have

A

Rn(LoF) = E,

sup— 3 0Lt (f (zi))]

feFm —

+E,
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Contraction proof cont.

Hence if we show the result without the factor of
2 for the complexity without absolute values the
desired result will follow, since for classes closed

under negation we have

Sup — Z sz ]

fE"fm

Rm(F) = E,
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Contraction proof cont.

e We show
E, i‘gg; oilL(f(x:))| < Eq jfgg o1f(x1) + ; oilL(f (%))

and apply induction to obtain the full result.
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Contraction proof cont.

We take the permutations in pairs:
(1,09,...,0m)and (—=1,09,...,0,)

The result will follow if we show that for all f, g €
Fwe canfind f', ¢' € Fsuchthat (f; = f(x;) etc.)

L(f1) + Z oilL(fi)) —L(g1) + ZUiL(gi)

<f1+zaz gl"‘zaz gz’
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Contraction proof end

o If f1 > ¢, take f/ = f and ¢’ = ¢ to reduce to
showing

L(fi) —L(g1) L fi—g1=|f1— g1
which follows since |L(f1) — L(g1)| < |f1 — g1|-

e Otherwise f; < gy andwetake f"=¢gand ¢ = f
to reduce to showing

L(fi) = L) <g1— fi=|fH — g1

which again follows from

(L(f1) —L(g1)] < |fr — g1l
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Final SVM bound

e Assembling the result we obtain:

Py #sgn(g9(x))) = E[H(-yg(x))]

+3

In(2/9)

2m
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Final Boosting bound

e Applying a similar strategy for Boosting with the
1-norm of the slack variables we arrive at Linear
programming boosting that minimises

Zah + CZ&Z?
h =1

where & = (1 —y; p_j, anh(x;)) ...

e with corresponding bound:
Py #sgn(9(x))) = E[H(-yg(x))]
In(2/9)

l — .
§E;§i+R(H)Xh:ah+3 -
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Conclusions

Outline of philosophy and approach of SLT
Central result of SLT

Touched on covering number analysis for margin
based analysis

Moved to consideration of Rademacher complexity.

Case of RC for classification giving bounds
for two of the most effective classification
algorithms: SVMs and Boosting
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Where to find out more

Web Sites: www.support-vector.net (SV Machines)
www.kernel-methods.net (kernel methods)
www.kernel-machines.net (kernel Machines)
WWW.neurocolt.com

WWw.pascal—network.org
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