Some Asymptotic Bayesian Inference
(background to Chapter 2 of Tanner’s book)

Principal Topics
» The approach to certainty with increasing evidence.
* The approach to consensus for several agents, with increasing
shared evidence.
» A rolefor statistical models in these asymptotic results.
0 symmetry/independence assumptions in these results.
0 data reduction

0 asymptotic Normal inference for these results.



Generalizing the coin-tossing example from last lecture:

Sampl e space of (observable) outcomes:

A 2-sided coin is repeatedly tossed, indefinitely,
X= <X1, X2, ey Xn, LS

Xj =0, or Xj = 1 asthe coin landstails up or heads up on thejth flip.

So that, X = < X1, X9, ..., Xn, ...> isapoint of the space Q ={0,1} o

Of course, at any one time we observe only afinite, initial segment.



The events that make up the o-algebra, 21, are the (smallest) o-field of
setsincluding all the (historical) observable events, of the form,

Hnp=<X1, X2, ..., Xp, {0,1},{0,1}, ...>

The Satistical Model:

Introduce a statistical quantity, a parameter 6, such that the eventsin A
have a determinate conditional probability, given the parameter.

Bernoulli (i.i.d.) Coin flipping (continued):
P(Xj =16=60(=1,...),for0<f<1

P(Hp | 6) = 6K1-9"K where k of the first n coordinates of Hp are 1

and n-k of the first n coordinates Hp, of are 0.



Now, if we are willing to make @ into arandom variable (by expanding the

o-algebra accordingly), we can write Bayes theorem for the parameter:
= P(HR |0) P(6) / P(Hp)
0 P(Hp | 6) P(6)
OR

The IS proportional to

the product of the likelihood for & and its prior probability.



With the conjugate Beta(a , £) prior for

P(@|Hp) isgiven by thedistribution Beta(a+k , f+n-k)

having mean (a+K) [ (a+k+5+n-K) = (a+k) / (a+5tn)

and variance (a+K)(B+n-K) | (a+ Srn)*(a+ B+n+1)

Note: Here we may reduce the historical data of n-bits to two quantities (k, n-k).
That is, the two likelihood functions: P(Hp, | 8) and P(k, n-k | ) are the same.

P(Hnh | 6 = P(k n-k| &)



Now, by the Srong Law of Large Numbers. for each € >0 and given &
P(limnh_.o |Kkn-8|< £]6 = 1.
Hence, with probability 1, the sequence of posterior probabilitiesfor &
limy_ o P(@|Hp) =lim,_ . Beta(a+n8, +n(1-6)

have alimit distribution with mean & and variance O, independent of a and .

Note: The posterior variances for @ are O(1/n). That is, in advance, we can

bound from below the precision (that is, bound from above the variance) of the

posterior distribution for the parameter by choosing the sample size to observe.



Asymptotic Certainty
THUS, under each conjugate (Beta) prior:
With probability 1, the posterior probability for & converges to the

(0-1) Dedlta distribution, concentrated on the true parameter value.

From the perspective of the posterior probability for 4,
through the likelihood function, the data “swamp” the prior.



Asymptotic Consensus
(Merging of Posterior Probability Distributions)

As ametric (distance) between two distributions P and Q over the algebra A,
consider a strict standard, uniform distance,

p(P.Q) = supens | P(E)-Q(B) |
Let P"=P(8|Hp) and Q"=Q(@|Hp) (n=1, 2, ...) betwo sequences of

posterior probability distributions for the parameter 8 based on two (conjugate)
Betapriors.

Then, it isnot hard to show that
limn_o p(P", Q" =limy_ o supg | P(8|Hp) —Q(8|Hp) | =0.

In other words, the two systems of posterior probabilities for the parameter,
based on shared evidence, merge together.



Question: What about posterior probability distributions over the algebra
generated by the observable events, A?

» Recall that thei.i.d. Bernoulli statistical model for the datais shared between these
two investigators: (LJELIA) P(E | 6) = Q(E | 6).

* Also, with conjugate priors from the Beta family, the prior probability is positive for
each “historical” event H,. Thatis, (UHp, 0<8 < 1) P(HR | 6) > 0. Moreover,

P(Hy) = Jo P(Hp, | ©)dP(8). Therefore, P(Hp,) > 0, and likewise Q(Hy,) > 0.

Answer: P(E|Hp) = Jo P(E|6, Hp) P(6|Hp)dPR(B).
= Jo [P(E, Hn |6) / P(Hn [ 8)] P(6 | Hp)dP"(B)
and as P" merges with Q" for large n,
= Jo [P(E, Hn |8) / P(Hp | 6)] Q(8 | Hp)dQ"(6)
= Jo[Q(E, Hn |8) / Q(Hn | 6)] Q(8 | Hp)dQ"(6)
= Jo Q(E |6, Hp) Q(6 | Hp)dQ"(6)
= Q(E[Hp).



Thus, the two posterior predictive distributions (over ) also merge

For example, the probability that the next flip lands heads given Hp, is:
P(Xn+1|Hpn) = Epn[6] = (a+k) / (a+p+n),

which for largen, = k/n

and by parallel reasoning

= Q(Xp+1 | Hp)-

Note, that the agreement between P(E | Hp) and Q(E | Hpy) takes astronger form
for cases when the historical observation Hp, precludes E, when (En Hp) = 0.

Then, P(E|Hp) =Q(E|Hp) =0foraln >n.
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Question: What parts of these asymptotic results for the algebra of events A
depends upon the (shared) statistical model?

Answers:

(1) Asymptotic Certainty is automatic with the Bayesian framework!
(OEOLA) with P-probability 1,

limn_.e P"(E) = %(E), i.e.

(2) Asymptotic Consensus requires only agreement on “null” events.
Assumethat (LECA) P(E) = 0if and only if Q(E) = 0.
With P-(or Q-) probability 1, with respect to A
limn.o p(P", Q") =0.
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However, the statistical model is needed for each of the following:
(1) datareduction
(2) ratesof convergence to certainty
(3) rates of merging for Bayesian investigators with shared evidence

In the next lectures we will explore themes for Bayesian asymptotics:

* A rolefor statistical models in these asymptotic results.
0 symmetry/independence assumptions in these results.
o datareduction

0 asymptotic Normal inference for these results.
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A puzzlement?

We have two investigators (T and Z) for our coin-tossing problem.
They share the same statistical (i.i.d. Bernoulli) model for coin flips,
and they have the same (conjugate) Beta prior for 6.

They collect (shared) evidence by flipping the coin until one says, “ Stop.”
In fact, they observe the sequence

(HH,T,H,T,T,HH,TH)
at which point they both (ssmultaneously) say “ Stop!”

However:

T’ s plan was to flip the coin exactly 10 times and stop
and Z’splan wasto flip until there were 6 “Heads’ and stop.

Exercise: Givethe Bayesanaysisfor T and for Z of these data.

13



